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ABSTRACT
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of motion with N threebranes moving in its worldvolume.
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1. Introduction
The remarkable solution of Seiberg and Witten [1] for the complete non-
perturbative chiral part of the effective action of SU(2) N = 2 Yang-Mills theory
spontaneously broken to U(1) represents one of the few examples in quantum field
theory where the complete quantum effects are known. The result was derived
using essentially two inputs; the first was the complete perturbative result for this
action which had been known for many years [2,3] and the second was an appli-
cation of electromagnetic duality [4]. Since only the first of these results is well
established there have been a number of attempts to give alternative derivations
of the Seiberg-Witten effective action. Some of the terms in the effective action
have been confirmed using instanton corrections [5]. It has also been observed that
the Seiberg-Witten effective action obeys a particular non-trivial relation [6], which
has been shown to be a consequence of the anomalous N = 2 superconformal Ward
identities of a spontaneously broken N = 2 Yang-Mills theory [7]. It has since been
argued [8] that this relation implies the full effective action.
One of the most mysterious features of the Seiberg-Witten effective action is
the way that it is related to an associated Riemann surface. In particular it was
shown how the effective action could be constructed given the Riemann surface
using a specific recipe. However, how this surface arises naturally in the theory
was not apparent. Shortly after the appearance of references [1] Riemann surfaces
that were thought to correspond to the spontaneously broken gauge groups SU(N)
were proposed [9].
An alternative approach has been to attempt to derive the Seiberg-Witten re-
sults from a string theory. It was found in [10] that the Seiberg-Witten curves oc-
cured in Calabi-Yau Compactifications of type IIB string theory and furthermore,
from the M theory perspective, these could be interpreted as a single fivebrane
wrapped on a Riemann surface. More recently, Witten [11] considered configu-
rations of intersecting NS-fivebranes and D-fourbranes in IIA string theory. He
argued that the spontaneously broken N = 2 Yang-Mills theory appeared on the
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parallel D-fourbranes. By embedding this picture in M theory he argued that the
configuration could be represented by a single M-fivebrane and was able to show
that the Riemann surfaces which arise in not only the SU(2) theory, but also in
its SU(N) generalisations, appear in a very natural way. However, in this work
the connection between the M-fivebrane dynamics and the final Seiberg-Witten
effective action remained obscure.
In this paper, we shall use the M-theory fivebrane classical dynamics to derive
the Seiberg-Witten effective action. In particular we use the M-fivebrane dynamics
as formulated in [12], although there are other formulations [13]. It was recently
shown that the M-fivebrane admits onebrane [14] and threebrane solutions [15]
within it. We will consider a single M-fivebrane on which some threebranes are
moving. The zero modes of this configuration correspond to the modes of the
spontaneously broken N = 2 Yang-Mills theory which can be viewed as living
on the four-dimensional worldvolume of a threebrane. It is a consequence of the
Bogomoln’yi condition for the threebranes that the M-fivebrane can be viewed as
being wrapped on a Riemann surface which is itself embedded in a four-dimensional
space. This latter space is composed of the two dimensions of the M-fivebrane
transverse to the threebranes and the active two of the five transverse dimensions
of the fivebrane embedded in M theory. We consider the classical fivebrane action
for threebrane configurations in which the zero modes are allowed to depend on
the threebrane coordinates. We show that it is precisely the same as the full
non-perturbative Seiberg-Witten effective action for spontaneously broken SU(N)
Yang-Mills gauge theory. In practice we only carry out this calculation for the
scalars, but it follows from N = 2 supersymmetry that it holds for the full action
involving the fermions and vectors.
3
2. The Threebrane Effective Action
The M theory fivebrane has a six-dimensional (2, 0) tensor multiplet of massless
fields on its worldvolume. The classical equations of motion in the absence of
fermions and background fields are [12]
Gmˆnˆ∇mˆ∇nˆXa
′
= 0 ,
Gmˆnˆ∇mˆHnˆpˆqˆ = 0 ,
(2.1)
where the worldvolume indices are mˆ, nˆ = 0, 1, ..., 5 and the transverse indices
are a′, b′ = 6, 7, 8, 9, 10. In (2.1) ∇ is the Levi-Civita connection of the metric
gmˆnˆ = ηmˆnˆ + ∂mˆX
a′∂nˆX
a′. The three form Hmˆnˆpˆ is closed but not self-dual.
Rather, in the vielbein frame defined by E mˆaˆ , aˆ, bˆ = 0, 1, ..., 5, it is related to the
self-dual three form h
aˆbˆcˆ
via H
aˆbˆcˆ
= m dˆaˆ m
eˆ
bˆ
h
dˆeˆcˆ
, where m bˆaˆ = δ
bˆ
aˆ −2haˆcˆdˆhbˆcˆdˆ. The
vielbein E mˆaˆ is associated to the metric G
mˆnˆ through Gmˆnˆ = E mˆaˆ E
nˆ
bˆ
ηaˆbˆ but the
metric gmˆnˆ is obtained from the vielbein e mˆaˆ = (m
−1) bˆaˆ E
mˆ
bˆ
. We refer the reader
to references [12,14] for more details of the formalism and notation.
Using the solution of [15] and adopting the notation of [11] we consider a
multi-threebrane solution which lies in the (x0, x1, x2, x3) plane. We take only
two transverse fields X6 and X10 to be active and assume that X10 is a compact
dimension of radius R. The other three scalars are constant and the three form
vanishes. First let us consider the dependence of the fields on the M-fivebrane
coordinates transverse to the threebranes, x4 and x5. This solution preserves half
of the six-dimensional supersymmetries if [15]
∂4X
6 = ∂5X
10 , ∂5X
6 = −∂4X10 . (2.2)
This leads to an N = 2 vector mulitplet on the four-dimensional worldvolume of
the threebranes [15]. Adopting the complex notation s = (X6 + iX10)/R and
z = Λ2(x4 + ix5), where Λ is a mass scale, we recognise (2.2) as the Cauchy-
Riemann equation. Thus s is a complex function of z only. Furthermore any
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choice of this function will solve the field equations [15]. The threebranes can be
then thought of as an M-fivebrane in an eight-dimensional space with coordinates
x0, ..., x5, X6, X10, in which x0, ..., x3 are flat R4 and x4, x5, X6, X10 form a non-
trivial four-dimensional space Q. The M-fivebrane field equations in the presence
of these threebranes then imply that the M-fivebrane is wrapped on a Riemann
surface Σ, which is embedded in the four-dimensional space Q. The volume of
this Riemann surface is set by the scale R2. Given the geometrical construction
of the Riemann surface presented here, it is perhaps more natural to assign z the
dimensions of length. However we have assigned z the dimensions of mass in order
to make contact with the literature on the Seiberg-Witten solution.
Following [11] we define t = e−s and consider a threebrane configuration defined
by
F (t, z) = 0 , (2.3)
where F is a complex polynomial. In order to make contact with [11] let us consider
the IIA picture in ten dimensions obtained by taking the small R limit. In this
case there are D-fourbranes in the (x0, x1, x2, x3, X6) plane, located at the roots of
F ( ·, z) = 0 and also NS-fivebranes in the (x0, x1, x2, x3, x4, x5) plane, located at
the roots of F (t, · ) = 0 [11]. The threebrane is the intersection of the D-fourbranes
with the NS-fivebranes. The restriction to a polynomial F then ensures that there
are only a finite number of branes.
A simple example of such a configuration is a collection of N threebranes at
the positions di, i = 1, ..., N , with charges qi [15]
s = s0 −
∑
i
qi ln(z − di) , (2.4)
where s0 is an aribitrary constant which we set to zero. The corresponding surface
is
F (t, z) ≡ t2 −
∏
i
(z − di)2qi = 0 , (2.5)
where t has been suitably rescaled by Λ. For integer values of qi this is a singular
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Riemann surface, with degenerate roots, while if qi =
1
2
it is non-singular. In fact
we will use a more general threebrane configuration below.
The scalar fields in the resulting four-dimensional theory inR4 are the positions
of the threebranes di. We therefore allow s to be function of x
µ, µ = 0, 1, 2, 3 by
letting the locations of the threebranes become xµ dependent. As seen from the
M-fivebrane this corresponds to letting the moduli of the Riemann Surface depend
on xµ. We now wish to evaluate the dynamics for this configuration. For simplicity
we will just consider the scalar fields with the three form field of the M-fivebrane
vanishing, or equivalently with the vector fields in the four-dimensional effective
theory set to zero.
For such a configuration the equation of motion is gmˆnˆ∇mˆ∇nˆs = 0 and can be
derived from the usual brane action
I5 =
∫
d6x
√
− det gmˆnˆ , (2.6)
where, for a threebrane configuration,
gmˆnˆ = ηmˆnˆ +
1
2
(∂mˆs∂nˆs¯+ ∂mˆs¯∂nˆs) . (2.7)
One can then evaluate the determinant in (2.6) to find
− det gmˆnˆ = (1 + 1
2
∂mˆs∂
mˆs¯)2 − 1
4
|∂mˆs∂mˆs|2 . (2.8)
In the above expressions and below we have suppressed factors of R which appear
with s. To obtain the low energy effective action for the threebrane we will only
keep terms of second order in the derivatives ∂µ. Using the equation of motion of
of s one readily finds
I5 =
1
2
∫
d6x∂µs∂
µs¯ . (2.9)
Let us now denote the moduli of the Riemann surface by ui = ui(x). The above
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action becomes
I5 =
1
4i
∫
d4x∂µui∂
µu¯j
∫
Σ
ωi ∧ ω¯j , (2.10)
where ωi = −∂s/∂ui dz. To evaluate this action further we must adopt a particular
form for the threebrane configuration and hence the Riemann surface Σ.
We wish to consider threebrane configurations which are everywhere smooth,
so that the associated Riemann surface is also smooth, but which asymptotically
take the form (2.4). To this end for the rest of this paper we shall restrict our
attention to functions F of the form
F (t, z) = t2 − 2B(z)t + Λ2N = 0 , (2.11)
where B(z) is a polynomial of degree N ≥ 2 and t has again been suitably rescaled
by Λ. However, it is also possible to consider more complicated threebrane config-
urations. The choice (2.11) leads to the scalar function
s = s0 − ln
(
B +
√
Q
)
, (2.12)
where we have introduced the polynomial Q = B2(z) − Λ2N and s0 is a constant
determined by N and Λ. A sufficiently general parameterisation of B(z) in terms
of the ui’s is
B(z) = zN + uN−1z
N−2 + uN−2z
N−3 + ...+ u1 . (2.13)
Note that only the zN−1 term is missing from (2.13). This is because, as noted
in [11], such a term would cause the integral over the Riemann surface in (2.9) to
diverge.
Lets us pause for a moment to consider the physical interpretation of this choice
of F in terms of the threebranes. If Λ = 0 then this solution is described by (2.4)
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with all the qi = 1 and the positions di of the threebranes are the N roots of B.
From this point of view a zN−1 term in (2.13) corresponds to the centre of mass
coordinate for the threebranes (its coefficient uN is the sum of the roots). Low
energy motion in this moduli would produce an infinite contribution to the action
(2.9) and so has been frozen out. For a non-zero value of Λ the Riemann surface is
generically non-singular, but the picture in terms of the simple threebranes of (2.4)
is slightly obscured. For |z| >> Λ we again see N distinct threebranes located at
di but for finite z this is not the case. In fact one can see from (2.11) that there
are no points t = 0, corresponding to the singular core of a threebrane. In terms
of the ten-dimensional type IIA picture (2.11) corresponds to two NS-fivebranes
with N D-fourbranes suspended between them [11].
We now evaluate the effective action (2.9). As explained in [11], the Riemann
surface can be defined by
t˜2 = Q(z) = B2(z)− Λ2N , (2.14)
where t˜ = t−B. It is a straightforward calculation to see that
ωi = − ∂s
∂ui
dz =
zi−1√
Q
= λi , (2.15)
where λi is the ith holomorphic form of the Riemann surface. Using the Riemann
bi-linear relation we may express the effective action as
I5 =
1
4i
∫
d4x ∂µui∂
µu¯j
N−1∑
k=1

∫
Ak
λi
∫
Bk
λ¯j −
∫
Ak
λ¯j
∫
Bk
λi

 , (2.16)
where Ak and B
k are a basis for the a and b cycles on the Riemann surface.
Next we note that ∂µuiλ
i = ∂µλSW , where we have introduced the Seiberg-
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Witten differential λSW which satisfies [1]
∂λSW
∂ui
= λi . (2.17)
Therefore if we define the new scalar modes
ai =
∫
Ai
λSW , a
i
D =
∫
Bi
λSW , (2.18)
we obtain the effective action
I5 =
1
4i
∫
d4x
(
∂µak∂
µa¯kD − ∂µa¯k∂µakD
)
,
= −1
2
Im
(∫
d4x ∂µa¯i∂
µajτ
ij
)
.
(2.19)
In (2.19) we have introduced τ ij = ∂aiD/∂aj , which on the general grounds of
N = 2 supersymmetry may be obtained from the holomorphic prepotential F as
τ ij = ∂2F/∂ai∂aj [1]. It was shown in [11] that the brane configuration we are
considering produces the correct Riemann surface and hence the correct Seiberg-
Witten differential for N = 2 SU(N) Yang-Mills [9]. Thus we have arrived at
the scalar part of the full Seiberg-Witten effective action for N = 2 SU(N) Yang-
Mills theory. Furthermore as a consequence of N = 2 supersymmetry F uniquely
determines the entire low energy effective theory, including the terms that we would
have obtained by considering the fermionic and and vector zero modes. Thus the
effective action for all of the threebrane zero modes is the complete Seiberg-Witten
effective action. We leave the details of this calculation to be performed elsewhere.
Finally we would like to point out that in obtaining the Seiberg-Witten effective
action we have discarded various higher derivative terms in (2.6). If we include
these the full action for the scalars is
I5 =
∫
d4x
∫
Σ
d2z
√(
1 + Λ4R2|∂zs|2 + 1
2
R2∂µs∂µs¯
)2
− 1
4
R4|∂µs∂µs|2 ,
= ISW − R
4
8
∫
d4x
∫
Σ
d2z
|∂µs∂µs|2
1 +R2Λ4|∂zs|2 +O(|∂µs|
6) ,
(2.20)
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where ISW is the Seiberg-Witten effective action (2.19) and we have included all
the factors of R. By writing ∂µs = λ
i∂µui and continuing the expansion in (2.20)
one obtains an infinite series of higher derivative terms involving powers of λi. It
is natural to suppose that these terms correspond to some of the higher derivative
corrections to the Seiberg-Witten effective action. Note that the terms in (2.20)
have a particular form; where each ui has one and only one derivative acting on it.
One may hope that these are all of the higher derivative terms of this type.
3. Discussion
In this paper we have considered the M theory fivebrane with threebranes
moving within it. We evaluated the classical M-fivebrane equations of motion
for this field configuration when the zero modes of the threebrane solutions are
taken to depend on xµ, the four-dimensional coordinates of threebrane worldvol-
ume. The resulting four-dimensional theory corresponds to a spontaneously bro-
ken N = 2 gauge theory and the corresponding low energy effective action is that
given by Seiberg and Witten. Hence we have derived the complete quantum non-
perturbative Seiberg-Witten effective action from the classical dynamics of the M
theory fivebrane.
Given our conventional understanding of the relationship between classical and
quantum theories it is surprising to see such a detailed and complete connection.
Although M theory has only one scale MP lanck, the solution for the threebranes
introduces two more scales R and Λ, which occur as integration constants. Rein-
troducing h¯ we would find that it occurs in combination with these integration
constants. Since these constants and so h¯ do not play the roˆle of a perturbative
parameter in the derivation we have given, from the M theory perspective it is
perhaps not so surprising to have found the full non-perturbative Seiberg-Witten
effective action.
We note that we have only obtained the classical effective action for the three-
brane collective coordinates, which one must then start to quantise. This corre-
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sponds to the fact that the Seiberg-Witten effective action is obtained by integrat-
ing out the massive modes in the path integral. However in the full quantum theory
one is still left with the integral over the massless U(1)N−1 modes. Along these
lines one may also wonder how the non-Abelian structure of SU(N) Yang-Mills
can be seen from the M-fivebrane perspective.
Finally, although we have used the constraints of N = 2 supersymmetry to
deduce the full Seiberg-Witten effective action from only its scalar part, this was
not crucial. We could also have explicitly derived these terms by considering the
collective coordinates of the three form. Thus one may wonder if the proceedure
considered here can be applied to situations with less supersymmetry, perhaps
leading to effective actions for some N = 1 supersymmetric theories.
P.C.W. would like to thank D.I. Olive for discussions.
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